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Abstract--An inverse geometry heat conduction problem (shape identification problem) is solved to detect 
the unknown irregular boundary shape by using the boundary element method (BEM)-based inverse 
algorithms. They are the Levenberg-Marquardt method (L-MM) and the conjugate gradient method 
(CGM), respectively. 

A sequence of forward steady-state heat conduction problems is solved in an effort to update the 
boundary geometry by minimizing a residual measuring the difference between actual and computed 
temperatures at the sensor’s locations under the present two algorithms. 

Results obtained by using both schemes to solve the inverse problems are compared based on the numerical 
experiments. One concludes that the conjugate gradient method is better than the Levenberg-Marquardt 
method since the former one : (i) needs very short computer time ; (ii) does not require a very accurate initial 
guess of the boundary shape ; and (iii) needs less number of sensors. Finally the effects of the measurement 

errors to the inverse solutions are discussed. 0 1997 Elsevier Science Ltd. All rights reserved. 

1. INTRODUCTION 

The applications of inverse problems can be found in 
several engineering fields, such as the determination 
of boundary conditions [l-2], thermal properties [3- 
4], heat generation [5], contact resistance [6], etc. 
Recently, thermal imaging becomes another area of 
active inverse problem research and much research 
has been devoted. to infrared scanners and their appli- 
cations to nondestructive evaluation (NDE) [7-91. 
The approaches taken to solve NDE problems are 
based on either study- or unsteady-state response of a 
body subjected to thermal sources. 

In this paper two formulations, i.e. the Levenberg- 
Marquardt method [lo] and the conjugate gradient 
method [l-3, 61 for the numerical solution to the 
inverse geometry problem of identifying the unknown 
irregular boundary configurations from external 
measurements (either direct or infrared type), based 
on a boundary element method, are considered. Such 
identification problems can be stated in various con- 
texts ; acoustics, elastodynamics, thermal sciences and 
can lead to the applications to NDE techniques and 
other identification problems. 

The use of boundary element method is suggested 
by the basic nature of the inverse problem (to search 
an unknown domain, thus an unknown surface), 
because domain discretization is avoided. More 
specifically, the advantages gained by BEM-based 
algorithm is the ability to readily accommodate the 
changes in the unknown boundary shape as it evolves 
from its initial to its final shape. 

The present work addresses the developments of 

both the Levenberg-Marquardt and conjugate gradi- 
ent algorithms, for estimating unknown boundary 
shape. The Levenberg-Marquardt method combines 
the Newton’s and steepest-descent methods and has 
the advantage of fast convergence when the unknown 
parameters are few. The conjugate gradient method 
derives basis from the perturbation principles and 
transforms the inverse problem to the solution of three 
problems, namely, the direct problem, the sensitivity 
problem and the adjoint problem. These two methods 
will be discussed in detail in the text. 

2. THE DIRECT PROBLEM 

To illustrate the methodology for developing 
expressions for use in determining unknown boundary 
geometry in a homogeneous medium, we consider the 
following two-dimensional steady-state inverse heat 
conduction problem. For a domain R, the boundary 
conditions at x = 0 and L are assumed both insulated, 
at y = 0, a constant heat flux q,, is taken away from 
the boundary by cooling while the boundary condition 
at y =f(x) maintains at a uniform temperature TO. 

Figure 1 shows the geometry and the coordinates for 
the two-dimensional physical problem considered 
here. The mathematical formulation of this steady- 
state heat conduction problem in dimensionless form 
is given by : 
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NOMENCLATURE 

f(x) unknown irregular boundary 
configuration 

G, H geometry dependent matrix 
J functional defined by equation (5) 
s gradient of functional defined by 

equation (IS) 
P direction of descent defined by 

equation (1 Ob) 

4 heat flux density 
T(x, y) estimated dimensionless 

temperature 
AT(x, y) sensitivity function defined by 

equation (11) 
Y(x, 0) measured temperature. 

Greek symbols 

B search step size 

Y conjugate coefficient 

R computational domain 
r boundary of the computational 

domain 
@ Jacobian matrix 

P damping parameter 
1(x, y) Lagrange multiplier defined by 

equation (16) 
6(o) Dirac delta function 
w random number 
& convergence criteria 
c7 standard deviation of the 

measurement errors. 

Superscripts 
A estimated values 
n iteration index 
* fundamental solution. 
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Fig. 1. Geometry and coordinates. 
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T= T,, at y =f(x). (le) CT+HT = Gq (3) 

The above problem is solved by the following a where T = vector of temperature boundary elements ; 
BEM algorithm : for a constant property, steady-state q = vector of the heat flux densities ; H, G = geometry 
heat conduction problem with a domain R and boun- dependent matrices ; C = diagonal matrix. 

dary J7, the boundary integral equation for this prob- 
lem without generation term can be derived as [l l] : 

(2) 

where M = point of r or Q ; T = temperature ; 
q=heatfluxdensity;c= l,ifMisinQ;c< 1,ifM 
is on r (c = 0.5 if r is smooth at M) ; T* = stationary 
fundamental solution ; q* = normal derivative of T* ; 
thus [l l] 

T*=&ln L 0 in two dimensions 
r 

and 

T* = $ in three dimensions 

where r = distance from M to a point of r. 
When considering direct problems, if M is on I-, one 

has with equation (2) the basic equation for potential 
problems. For M in R, the boundary integral equation 
which then connect internal temperatures and bound- 
ary fields are usually used for a posteriori compu- 
tation. 

Generally speaking, the discretization of r into k 
boundary elements allows substitution into the 
boundary integral equation (2) expressed for each 
boundary element of the algebraic linear system 
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Once all unknowns are passed to the left-hand-side 
one can write 

AX=B (4) 

where X is the vector of unknown Ts and qs boundary 
values. B is found by multiplying the corresponding 
columns by the known values of Ts or qs. 

The computer program for the above stated prob- 
lem is modified based on the text book by Brebbia 
and Dominguez [l l] and the linear boundary elements 
are adopted for a.11 the examples illustrated here. The 
direct problem considered here is concerned with the 
determination of the medium temperature when the 
boundary geometryf(x) and the boundary conditions 
at all boundaries are known. 

3. THE INVERSE PROBLEM 

For the inverse problem, the boundary geometry 
f(x) is regarded as being unknown, but everything else 
in equation (1) is known. In addition, temperature 
readings taken at some appropriate locations are con- 
sidered available. Referring to Fig. 1, we assumed that 
m sensors installed along y = 0 are used to record the 
temperature information to identify boundary con- 
figurationf(x) in the inverse calculations. Let the tem- 
perature reading taken within these sensors be 
denoted by Y(xi, 0) = Yi, i = l-m, where m represents 
the number of thermocouples. We note that the mea- 
sured temperature Yf contains measurement errors. 
Then the inverse problem can be stated as follows : by 
utilizing the above-mentioned measured temperature 
data Yi, estimate the unknown upper boundary shape 
f(x). 

The solution of the present inverse problem is to be 
obtained in such a way that the following functional 
is minimized : 

J[f(x)] = f [Ti- Yi]* = UTU (5) 
i= I 

here, Ti are the estimated or computed temperatures 
at the measurement locations (x, 0). These quantities 
are determined from the solution of the direct problem 
given previously by using an estimated f(x) for the 
exact f(x). Here the hat ‘(A ” denotes the estimated 
quantities. 

4. THE LEVENBERG-MARQUARDT METHOD 

FOR MINIMIZATION 

If the unknown boundary shape is discretized into 
k linear elements, there exist (k+ 1) discretized values 
of f(x), say, f(x) = f =f, = &A.. . ,fk), j = @k 
Equation (5) is minimized with respect to the esti- 
mated parametersif, to obtain 

[T,-YJ = 0; j=&k (6) 

where m should be equal to or greater than (k+ l), 
otherwise an underdetermined system of equations 
will be obtained and it is impossible to calculate the 
inverse solutions under this situation. Equation (6) is 
linearized by expanding Ti(jJ in Taylor series and 
retaining the first-order terms. Then a damping 
parameter @’ is added to the resulting expression 
to improve convergence, leading to the Levenberg- 
Marquardt method [lo] given by 

where 

(F+/PI)Af = D (7a) 

F=mTQ, (7b) 

D = mTU 

Af = f”+’ -T. 

(7c) 

(7d) 

Here the superscripts n and T represent the iteration 
index and transport matrix, respectively, I is the ident- 
ity matrix and Q denotes the Jacobian matrix defined 
as 

@&?! 
afr . 

The Jacobian matrix defined by equation (8a) is deter- 
mined by perturbing the unknown parameters 6 one 
at a time and computing the resulting change in tem- 
perature from the solution of the direct problem 
(equation 1). 

Equation (7a) is now written in a form suitable for 
iterative calculation as 

f”+’ = f”+(@T@+pnI)--IT(T-Y). (8b) 

When pLn = 0, the Newton’s method is obtained; as 
p” + co, the steepest-descent method is obtained. For 
fast convergence the steepest-descent method is 
applied first, then the value of p” is decreased; finally, 
the Newton’s method is used to obtain the inverse 
solution. The algorithm of choosing this damping 
value pL” is described in detail in [lo], so they are not 
repeated here. 

4.1. Stopping criterion 
If the problem contains no measurement errors, the 

traditional check condition is specified as 

.@+‘(x)] < & @a) 

where E is a small specified number. However, the 
observed temperature data may contain measurement 
errors. Therefore, we do not expect the functional 
equation (5) to be equal to zero at the final iteration 
step. Following the experience of the authors [l-3], 
we use the discrepancy principle as the stopping 
criterion, i.e. we assume that the temperature residuals 
may be approximated by 

Tl-- Yj x a (9b) 

where a is the stand deviation of the measurements, 
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which is assumed to be a constant. Substituting equa- 
tion (9b) into equation (5), the following expression 
is obtained for E : 

tities, a “sensitivity problem” and an “adjoint prob- 
lem” are constructed as described below. 

E = rd. PC) 

Then, the stopping criterion is given by equation 
(9a) with E determined from equation (SC). 

5.1. Sensitivity problem and search step size 

4.2. Computational procedure 
The iterative computational procedure for the solu- 

tion of this inverse problem using Levenberg-Mar- 
quardt method can be summarized as follows : choose 
the initial guess f at iteration n to start the compu- 
tation. 

The sensitivity problem is obtained from the orig- 
inal direct problem defined by equation (1) in the 
following manner. It is assumed that whenf(x) under- 
goes a variation Af(x), T(x, t) is perturbed by T+ AT. 
Then replacing in the direct problemfbyf+ Af and T 
by T+ AT, subtracting from the resulting expressions 
the direct problem and neglecting the second-order 
terms, the following sensitivity problem for the sen- 
sitivity function AT is obtained: 

Step 1. Solve the direct problem given by equation 
(1) to obtain computed temperature T. 

Step 2. Construct the Jacobian matrix in accordance 
with equation (8a). 

~ -=0 inR 
a2AT+BiAT 

ax2 ay2 
(114 

aAT 
-=0 atx=O 

ax Ulb) 

Step 3. Update f from equation (8b). 
Step 4. Check the stopping criteria given by equa- 

tion (9). 

aAT 
ax=0 atx=L (1 lc) 

(114 
5. CONJUGATE GRADIENT METHOD FOR 

MINIMIZATION 

aAT 
p=O aty=O 

ay 

The following iterative process based on the con- 
jugate gradient method [l-3, 61 is now used for the 
estimation of unknown boundary function f(x) by 
minimizing the functional J[f(x)] 

AT= Af$ aty =f(x). (114 

The BEM technique is used to solve this sensitivity 
problem. The functional J(I;“+ ‘) for iteration n+ 1 is 
obtained by rewriting equation (5) as 

f”+‘(x) =p(x)--p”P”(x) forn = 0,1,2,... 

(lOa) 
@+‘) = f [T&f-B”P”)- YJ2 (124 

i= 1 

where p” is the search step size in going from iteration 
n to iteration n + 1 and P(x) is the direction of descent 
(i.e. search direction) given by 

where we replaced $+’ by the expression given by 
equation (lOa). If temperature T@‘-PP”) is lin- 
earized by a Taylor expansion, equation (12a) takes 
the form 

P”(x) = J’“(x) + y”P”_ I (x) (lob) 

which is a conjugation of the gradient direction S”(x) 
at iteration IZ and the direction of descent P”-‘(x) at 
iteration n - 1. The conjugate coefficient is determined 
from 

J(f”+‘) = 2 [T,(p)-pATi( YJ’ 
i= I 

(12b) 

s 
L (J’n)2 dx 
x=0 

y” = 

s 

L 
withy” = 0. (1Oc) 

(5’“-‘)’ dx 
x=0 

where Ti(j”) is the solution of the direct problem by 
using estimate&x) for exact f(x) at x = x,. The sen- 
sitivity functions ATi are taken as the solutions of 
problem (11) at the measured positions x = xi by let- 
ting Af = -P”. The search step size /I” is determined 
by minimizing the functional given by equation (12b) 
with respect to /P. The following expression results : 

We note that when y” = 0 for any II, in equation 
(lob), the direction of descent P’(x) becomes the 
gradient direction, i.e. the “steepest descent” method 
is obtained. The convergence of the above iterative 
procedure in minimizing the functional J is guaran- 
teed in Ref. [12]. 

T (Ti - Yj)ATi 
i=l 

p”= 

i$(AJ7’ . 
(13) 

To perform the iterations according to equation 5.2. Adjoint problem and gradient equation 
(lo), we need to compute the step size 8” and the To obtain the adjoint problem, equation (la) is 
gradient of the functional P”(x). In order to develop multiplied by the Lagrange multiplier (or adjoint 
expressions for the determination of these two quan- function ) 1(x, y) and the resulting expression is inte- 
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grated over the correspondent space domains. Then 
the result is added to the right-hand-side of equation 
(5) to yield the following expression for the functional 
Jlf(41: 

s 
L JW)l = [T- y126(x-xi) dx 
x=0 

The variation. AJ is obtained by perturbing f by Af 
and T by AT in equation (14), subtracting from the 
resulting expression the original equation (14) and 
neglecting the second-order terms. We thus find 

L 
AJ= 

s 
2(T- Y) AT&x-x;) dx 

x=0 

where 6(x-x,) is the Dirac delta function and xi, 
i = l-m, refer to the measured positions. In equation 
(15), the double integral term is integrated by parts ; 
the boundary conditions of the sensitivity problem 
given by equations (11 (be)) are utilized and then AJ 
is allowed to go to zero. The vanishing of the inte- 
grands containing AT leads to the following adjoint 
problem for the determination of 1(x) : 

* 2 

$+ti=O inrR 
aY2 

E=O atx=O 

an 
ax=0 atx=L 

(164 

(16b) 

an 
- = --2(T- Y)G(x-x,) at y = 0 
ay 

(16d) 

1 = 0 at y =f(x). (16e) 

The standard techniques of BEM can be used to solve 
the above adjoint problem. 

Finally, the following integral term is left 

From definition [l], the functional increment can be 
presented as 

s 

L 
A.J = J’(x) Af(x) dx. (17b) 

0 

A comparison of equations (17a, b) leads to the 
following expression for the gradient of functional 
S(x) of the functional m(x)] : 

anaT 
J(x) = -5% y=/(x)’ 

(18) 

5.3. Computational procedure 
The computational procedure for the solution of 

this inverse problem using conjugate gradient 
methods may be summarized as follows: Suppose ^ 
f”(x) is available at iteration n. 

Step 1. Solve the direct problem given by equation 
(1) for T(x, t). 

Step 2. Examine the stopping criterion given by 
equation (9a) with E given by equation (SC). Continue 
if not satisfied. 

Step 3. Solve the adjoint problem given by equation 
(16) for n(x). 

Step 4. Compute the gradient of the functional S 
from equation (18). 

Step 5. Compute the conjugate coefficient y” and 
direction of descent P” from equations (lOc, b), 
respectively. 

Step 6. Set Af(x) = -P”(x) and solve the sensitivity 
problem given by equation (11) for AT(x). 

Step 7. Compute the search step size /I” from equa- 
tion (13). 

Step 8. Compute the new estimation for?(x) from 
equation (10a) and return to step 1. 

6. RESULTS AND DISCUSSIONS 

To illustrate the validity of the present inverse algo- 
rithms in identifying irregular boundary configuration 
f(x) from the knowledge of temperature recordings, 
we consider three specific examples where the bound- 
ary geometry at y = f(x) are assumed as a sinusoidal, 
triangular and step function, respectively. 

The objective of this article is to show the accuracy 
of the present approaches in estimatingf(x) with no 
prior information on the functional form of the 
unknown quantities, which is the so-called function 
estimation. Moreover, it can be shown numerically 
that the number of sensors can be reduced when the 
conjugate gradient method is applied. 

In order to compare the results for situations involv- 
ing random measurement errors, we assume normally 
distributed uncorrelated errors with zero mean and 
constant standard deviation. The simulated inexact 
measurement data Y can be expressed as 

Y = Y,,,,, + WQ (19) 

where Y,,, is the solution of the direct problem with 
an exact f(x); o is the standard deviation of the 
measurements ; and w is a random variable that is 
generated by subroutine DRNNOR of the IMSL [ 131 
and will be within -2.576 N 2.576 for a 99% con- 
fidence bound. 

One of the advantages of using the conjugate gradi- 
ent method is that it does not require a very accurate 
initial guess of the unknown quantities; this can also 
be proved when compared with the L-MM in the 
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Fig. 2. Inverse solutions by CGM and L-MM with accurate 
initial guess of f(x) when using u = 0.0 and m = 21 in 

case 1. 

numerical experiments. In all the test cases considered 
here we have chosen L = 10, To = 100, q. = 20 and 
20 linear elements are used on both upper and lower 
boundaries, while three linear elements are adopted 
for right and left boundaries. The sensor’s locations 
are always along y = 0, i.e. on the lower boundary. 
We now present below three numerical experiments 
in determining_@) by the inverse analysis : 

Numerical test case 1. The unknown boundary con- 
figuration at y = f(x) is assumed to vary with x in the 
form 

f(x) = 1.5+0.8sin y ; 0 <xG L. 
0 

(20) 

The inverse analysis is first performed by using 21 
thermocouple measurements (referring to Fig. 1 where 
the solid triangular dot denotes the sensor’s location) 
with thermocouple spacing Ax = 0.5. When assuming 
exact measurements (0 = 0.0) and using good initial 
guess P = 1.5, the estimated function off(x) by using 
both CGM and L-MM is shown in Fig. 2 for the same 
convergent criteria E = 0.001. It can be seen from this 
figure that both schemes obtained good estimation of 
f(x) and the CPU time (on 586-60 MHz PC) used in 
the CGM is about the same as that for the L-MM. 
This shows that when an accurate initial guess P is 
provided, the validity of the CGM is about the same 
as that of the L-MM. Table 1 shows some convergent 
parameters for the inverse calculation considered here, 
i.e. initial guess I”, stopping criteria E, the number of 
iterations, CPU time on 586-60 MHz personal com- 
puter and average error, respectively. One should note 
that even though the number of iterations for the L- 

MM and CGM are 4 and 30, respectively, the CPU 
time used is about the same. This is because for the 
L-MM, in each iteration we need to compute the 
direct problem (k + 1) times (when obtaining the Jaco- 
bian matrix) ; however, only three approximate weight 
of computations (i.e. the direct, sensitivity and adjoint 
problems) are needed for the CGM. This implies that 
when the number of unknown parameters k are 
increased, the CPU time needed for the L-MM will 
also be increased greatly. 

Next, let us see what will happen when the initial 
guess f” is deviated from the exact solutions. The com- 
putational situations are the same as the previous one 
except that the initial guess is now chosen as P = 2.5. 
The inverse solutions with stopping criteria E = 0.04 
is shown in Fig. 3. It is clear from Fig. 3 that the 
estimatedf(x) is still very accurate for the CGM, but 
the inverse solutions become poor for the L-MM 
especially near x = L; moreover, the CPU time used 
for the CGM is also shorter than that for the L-MM. 
This implies that the CGM is less sensitive to the 
initial guesses. 

The above test cases seem unrealistic, since too 
many sensors were used in the numerical experiments. 
Now the question arises, can the number of sensors 
be reduced with the present approaches? 

Let us first take a look at the L-MM. From equa- 
tion (6) it is obvious that the number of sensors m 
should be equal to or greater than the number of 
unknown parameters (k+ I), otherwise an inde- 
terminate system of equations is obtained. Therefore, 
it is impossible to reduce the number of sensor when 
the L-MM is applied. 

However, in the CGM, the measurement tem- 
peratures at sensor’s locations represent a boundary 
point heat flux that appeared in the adjoint equation 
(16). Then it is possible to reduce the number of 
boundary point heat fluxes even though it will influ- 
ence the value of J’. Now the question is that will this 
strategy influence the accuracy of the inverse solu- 
tions? To answer this, the numerical experiment is 
proceeded to the next case with P = 2.5, i.e. using 
m = 21 (Ax = 0.5) and m = 11 (Ax = l.O), respec- 
tively, in estimating f(x) with measurement error 
CT = 1.0. 

The inverse solutions in predictingf(x) under such 
an assumption using the CGM is shown in Fig. 4. The 
average relative error between exact and estimated 
values are 7.18 and 8.33% for m = 21 and m = 11, 
respectively, where the average relative error is defined 
as 

~O~~x~()-:,,~+[k+l]xlOO% (21) 

here (k+ 1) represents the total discrete number of 
unknown parameters, while f and pdenote the exact 
and estimated values of boundary configuration. 

From the above comparisons of numerical data we 
learned that the inverse solutions in predicting f(x) 
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Table 1. The convergent parameters for the inverse calculations 

Initial 
guess, P 

Stopping 
criteria, E 

Number of 
iteration 

CPU 
time, s 

Average 
error, % 

Fig. 2 (a = 0.0) CGM 
L-MM 

Fig. 3 (a = 0.0) CGM 
L-MM 

Fig. 4 (u = 1.0) m = 21 
m= 11 

Fig. 5 (c = 0.0) in = 21 
m= 11 

Fig. 6 (a = 2.0) m = 21 
??l= 11 

Fig. 7 (CT = 0.0) M = 21 
m= 11 

Fig. 8 (a = 2.0) m=21 
m= 11 

1.5 
1.5 
2.5 
2.5 
2.5 
2.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 

0.001 30 65 1.76 
0.001 4 62 0.717 
0.04 23 51 2.18 
0.04 8 112 6.74 

21.0 6 13 7.18 
11.0 5 12 8.33 
0.1 10 22 2.65 
0.1 8 20 2.67 

84.0 5 11 3.03 
44.0 5 13 3.75 

0.5 25 54 5.56 
0.5 27 56 5.94 

84.0 5 11 8.65 
44.0 4 9 9.72 

with 21 sensors are slightly better than that with 11 
sensors ; however, the latter case is already good 
enough to be accepted as the inverse solutions. This 
represents that the number of sensors can be reduced 
when the CGM is applied. 

Besides, when u = 1.0, it represents about 2% 
measurement error since the average measured tem- 
perature is about 50. By using this 2% error the result- 
ant average error of the inverse solutions is about 
7%; this implies that the CGM is not sensitive to the 
measurement errors since the measurement errors did 
not amplify the errors of estimated boundary shape 
(the errors are in the same order). Therefore, the pre- 
sent technique provides a confident estimate. Only the 
CGM is used for the rest of the numerical experiments 

_ since it is obviously better than L-MM. 

5.00 
d.0 

- EXACT 

4.00 - - - INITLiLGuESS 

?? CGM 

Q L-MM 
3.00 - 

Y 
___- --_-_----------- 

0 
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0 

““i./ 
1.00 - 

a 
0 

0.00 I I I I , I 

1 

I 

0.00 2.00 4.08 6.08 8.08 10.08 
A 

Fig. 3. Inverse solutions by CGM and L-MM with inac- 
curate initial guess off(x) when using c = 0.0 and m = 21 in 

case 1. 

Numerical test case 2. In the second test case, f(x) 
is taken as 

c 1.5+0.3x; O<X<$ 

1 
L 

f(x) = (22) 
4.5-0.3x; i$X<L 

where the initial guess for this test case is chosen as 
I” = 3.5. The estimation of f(x) by using 21 and 11 
sensors with exact measurements Q = 0.0 shows that 
for both cases a very good agreement between the 
estimated and the exact values of f(x) are obtained. 
The result is shown in Fig. 5. 

Next, when 21 and 11 sensors are used and the 
measurement errors with cr = 2.0 are considered, the 
estimations for f(x) are sketched in Fig. 6. When 

5.00 

4.00 

3.00 

Y 

2.00 

1.00 

0.00 

T 

4 

1 

t 
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- - _ MlTlALGUESS 

a m=21 

Q m=ll 

__--------- --- 

I , I , I , I , I 

0.00 2.00 4.00 6.00 8.00 10.00 
X 

Fig. 4. Inverse solutions by CGM (D = 1.0) when using 
m=21andm=llincasel. 
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Fig. 6. Inverse solutions by CGM (u = 2.0) when using 

m=21andm=llincase2. 

CT = 2.0, it denotes about 5% measurement error since 
the average measured temperature is about 35. The 
resultant average error of the inverse solutions using 
this error is about 4%. Again, this implies that the 
CGM is not sensitive to the measurement errors. 
Table 1 shows some convergent parameters for the 
inverse calculations of test case 2. 

Numerical test case 3. In the third test case, a more 
strictf(x) is taken as a step function, i.e. 

5.00 

4.00 

3.00 

Y 
2.00 

1.00 

0.00 i 17 ’ 

- EXACT 

OS).0 - INITIALGUESS 

0 In=21 

0 m=ll 
__----- 

3.0; OGx<4 

f(x) = 
1.5; i<x<L 

(23) 

where the initial guess for this test case is chosen as 
P = 3.5. The estimation of f(x) by using 21 and 11 
sensors with exact measurements u = 0.0 is shown in 
Fig. 7. The estimated boundary shape is not so accu- 
rate near the discontinuity region. 

Next, when 21 and 11 sensors are used and the 
measurement errors with e = 2.0 are considered, the 
estimations for f(x) are sketched in Fig. 8. When 
u = 2.0, it denotes about 5% measurement error since 
the average measured temperature is about 35. The 
resultant average error of the inverse solutions using 
this error is about 9%. This denotes that the CGM is 
not sensitive to the measurement errors. Table 1 
denotes some convergent parameters for the inverse 
calculations of test case 3. 

From the above numerical test cases 1, 2 and 3, 
we concluded that the advantages of the CGM in 
comparison with the L-MM in estimating unknown 
boundary configurations lie in that: (i) it does not 
require a very accurate initial guess ; (ii) the rate of 
convergence is fast; and (iii) the number of sensors 
can be reduced while the accurate inverse solutions 
can still be obtained. The only advantage of L-MM 
is that its derivation is simpler than that for the CGM. 

7. CONCLUSIONS 

The conjugate gradient method (CGM) and Lev- 
enberg-Marquardt method (L-MM) with boundary 
element method (BEM) was successfully applied for 
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Fig. 8. Inverse solutions by CGM (a = 2.0) when using 

m=21andm=llincase3. 

the solution of the inverse problem to determine the 
unknown irregular boundary configuration by uti- 
lizing temperature readings. Several test cases involv- 
ing different functional forms of f(x) and measure- 
ment errors were considered. The results show that 
the CGM does not require an accurate initial guess of 
the unknown qua.ntities, needs very short CPU time 
on 586-60 MHz F’C and requires fewer sensors when 
compared with the L-MM in performing the inverse 
calculations. 
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